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O*. Abstract 

^. 

Main properties of noncommutative (NC) gauge theory are investigated in a 2— dimensional 

twisted Moyal plane, generated by vector fields X a = e^(x)d fJl ; the dynamical effects are in- 
duced by a non trivial tensor e£(x). Connections in such a NC space are defined. Symmetry 
^. \ analysis is performed and related NC action is proved to be invariant under defined NC 



gauge transformations. A locally conserved Noether current is explicitly computed. Both 
commuting and noncommutative vector fields X a are considered. 



^^ ■ Keywords Twisted Moyal plane, Yang-Mills theory, gauge current. 



PACS numbers 02.40.Gh, ll.10.Nx. 



1 Introduction 

The construction of noncommutative field theories in a nontrivial background metric generally 
implies a non-constant deformation matrix Q^ u = Q^ u (x). There naturally results the difficulty 
of finding a suitable explicit closed Moyal type formula and consequently, defining a noncom- 
mutative product becomes rather complicated. The situation is simpler when one deals with 
the Moyal space Rg, i.e. the deformed D— dimensional space endowed with a constant Moyal 
•—bracket of coordinate functions [x^rc 1 ']* = iQ^ u . In this case the star product (see [Tj-[17j 
and reference therein) is defined by 



{f*g){x)=m{e i ^ d ^ d »f{x)®g{x)) x G Eg V/,g G C°°(IRg) 



n 



m is the ordinary multiplication of functions, i.e. m(f ® g) = f.g. In the coordinate basis, this 
space is generated by the usual commuting vector field d^ =: g^- € T^Mq, the tangent space of 
Rq, conferring to Moyal space the properties of a flat space. 

On the contrary, in the context of a dynamical noncommutative field theory, the vector 
field can be generalized to take the form X a = ea{x)d fl , where e%(x) is a tensor depending on 
the coordinate functions in the complex general linear matrix group of order D, GL(D, C). The 
star product then takes the form 

(f*g)(x) = m{e l ^ x «® Xb f(x)®g(x)} x G Mg \/f,g G C°°(]Rg) (2) 

and the vielbeins are given by the infinitesimal affine transformation as 

e»{x) = 5»+^ ah x\ (3) 

where lo^ G GL(D, C). Using ([3]), the non vanishing Lie bracket peculiar to the non-coordinate 

base |7J 

[X a ,X b ] = el [e^et - e^] X c = C c ah X c (4) 

is here simply reduced to 

[X a ,X b ] = <A - aftfy = -2^ b d,. (5) 

Besides, the dynamical star product (|2|) can be now expressed as 

(/* 5 )(x) = m[exp(^e- 1 e^ M 0^)(/® 5 )(x)] (6) 
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where e 1 =: det(e%) = 1 + oj\ 2 x 2 — w\ 2 x ; e^ v is the symplectic tensor in two dimensions, 
(D = 2), i.e e 12 = -e 21 = 1, e 11 = e 22 = 0. 

The coordinate function commutation relation becomes [2^,3^]* = iQ^ u = z(0' M/ — 
Q a u J, u} v J b x b ) which can be reduced to the usual Moyal space relation, as expected, by setting 
^ab = IP]- One can check that the Jacobi identity is also well satisfied, i.e. 

[x», [/,^]* + [xP, [x», /]*]* + [a", [s", s"]*]* = e^e^wgl = (7) 

conferring a Lie algebra structure to the defined twisted Moyal space. This identity ensures the 
associativity of the star-product fl2J) and implies that 

e^dpQ^ + e up d p e af * + e^^e 1 " 7 = o. (8) 

Remark that with the relation (|5j), the requirement that oo a b is a symmetric tensor trivially 
ensures the associativity of the star product. In the interesting particular case addressed in this 
work, the associativity of the star product ((2J) can be shown even for the non symmetric tensor 
Ugh- See appendix for details. 

From the particular condition [X a ,X&] = 0, (i. e. the vector fields are commuting), there 
result constraints on e£, namely ef d^eY-, = 0, that can be solved off-shell in terms of D scalar 
fields (f) a . Supposing that the square matrix e« has an inverse e" everywhere so that the X a 
are linearly independent, then the above condition becomes <9u e "i = which is satisfied by 
e t = d u (j) a '. Since X a cf) b = 5^, the field cj) b can be viewed as new coordinates along the X a 
directions. The metric g on M^? can be chosen to be g(X a ,Xi,) = e^e^g = 5 a b. See [3]-[6] for 
more details. In the whole work, we deal with Euclidean signature and D = 2. 

The paper is organized as follows. In Section 2, we provide the general properties of gauge 
theory in twisted Moyal space, and define related connections. The tensor uj^ b is an infinitesimal 
tensor, skew-symmetric in the indexes a and b. In Section 3, we study the symmetry of pure 
gauge theory and show that the related NC action is invariant under t/*(l) gauge transformation. 
Besides, we compute the resulting Noether current. In Section 4, we investigate the properties 
of the model for commuting vector fields X a . Section 5 is devoted to concluding remarks. 

2 Connections and gauge transformation 

Consider E = {x M ,/i € [[1,2]]} and C[[x ,x 2 ]], the free algebra generated by E. Let I be the 
ideal of C[[x , x 2 ]], engendered by the elements x^ * x v — x v * x M — iQ pv ' . The twisted Moyal 



Algebra Aq is the quotient Cffx^x 2 ]]/^. Each element in Aq is a formal power series in the 
x^'s for which the relation [x^x^]* = iQ^ holds. Moyal algebra can be here also defined as 
the linear space of smooth and rapidly decreasing functions equipped with the NC star product 
given in ([2]). The gauge symmetries on this noncommutative space can be realized in their 
enveloping algebra. However, there is an isomorphism mapping the noncommutative functions 
algebra Aq into the commutative one, equipped with an additional noncommutative *— product 
PP. We consider the following infinitesimal affine transformation 

eftx) = 5% + u&* 6 , U& =: -«&, and |^| « 1. (9) 

*ab 



For D = 2, e{i and can be expressed as follows: 

l + wj 2 x 2 w? 2 x 2 n . / 



(eT a = ( \ L \ ) and (9)°" = = 0(e) ab (10) 

where e 12 = — e 21 = 1, e 11 = e 22 = 0. There follow the relations 



e- 1 = : det(e%) = 1 + uj\ 2 x 2 - w\ 2 x x (11) 

e=: det(e a ) = 1 - uj\ 2 x 2 + uj^x 1 . (12) 



The tensor Q^ u can be written as [7] 



(er = (er - (© a[M <!> 6 = ( ° 1 0e L ) • (i3) 



-fle" 1 



Let us now define the space-time (M C R 2 - ) metric as 



1 — 2w 1 l x 2 tolnX 1 — uj 2 x 2 



Sau = <4 S ab=[ _ _ „ „ „ . , (14) 



w^x 1 - wf 2 x 1 + 2wf 2 x i 

1 - w{ 2 X 2 _ w 12 x2 



where e£ = f ) ( 15 ) 

w^x 1 1 + UJ 2 2 X l 



and its inverse as 



, / 1 + 2w| 9 x 2 w 2 9 x 2 — wjoX 1 \ 
g^ = eK^= ), (16) 

bj\ 2 x 2 - uj\ 2 x 1 1 - 2cj 2 2 x 1 

1 + w^x 2 w 2 2 x 2 
where e£ = ( ) (17) 

— o;{ 2 x 1 — u)( 2 x 



with g = —det(g). Noncommutative field theory over Moyal algebra of functions can be defined 
as field theories over module Ti on the noncommutative algebra Aq or as matrix theories with 
coefficients in Aq. In the following, we restrict the study of field modules to rank trivial bi- 
modules % over Aq with a Hilbert space structure defined by the scalar product 

< a, b> = : / ed 2 x Tr(a) -kb)-k e~ l ; a,b € A Q . (18) 

Provided this framework, the notion of connection defined on vector bundles in ordinary differ- 
ential geometry is replaced, in NC geometry, by the generalized concept of connection on the 
projective modules as follows. 

Definition 2.1 The sesquilinear maps V M : H — > H are called connections if they satisfy the 
differentiation chain rule 

V M (m*/) = m*a M (/) + V A ,(m)*/, for f e Aq and m €H (19) 

(assumed here to be a right module over Aq), and if they are compatible with the Hermitian 
structure ofH defined as h(f,g) = f* -kg, i.e. 

dfjh(mi,iri2) = h(V M mi, ra 2 ) + h(mi, V M m 2 ). (20) 

In the sequel, we can identify Aq with %. 

Definition 2.2 Denoting by 1 the unit element of Aq, we define the gauge potential by V M 1 = 
— iA^. Then the connection can be explicitly written as 

V,(.)=d^.)-iA,*(.) (21) 

A^ is called the gauge potential in the fundamental representation. 

Note that the left module can be used to define the connection in the anti-fundamental rep- 
resentation by V M (.) = <9 M (.) + i(.) -k A^. In the same vein, the module can be used to define 
the connection on the adjoint representation by V M (.) = d M (.) — i[^4 M , (•)]*• Here, we adopt the 
fundamental representation. Now, we define the gauge transformation as a morphism of module, 
denoted by 7, satisfying the relation 

7(771 * /) = 7(771) * / for / € A e and 777 G U (22) 



and preserving the Hermitian structure h, i.e. 

h( 7 (/),7(<7))=M/,<7) for/, 5 G^Q. (23) 

For / = g = 1, one can prove that 7(1) € U(Aq), the group of unitary elements of Aq, i.e. 
7 t(l)* 7 (l) = l. 

Note that the Jacobi identity is covariantly written in the form 

e ap v p e^ + e^v p G^ + e^e^ = o. (24) 

This equation is evidently satisfied whenever the following condition holds 

V p 6^ = 0, (25) 

which is very simple to handle in two-dimensional space. Indeed, in D = 2 the most general 
can be written in the form 

0^ = —==e(x\x 2 ), (26) 

where 6(x 1 ,x 2 ) is a constant, simply denoted by 9. Then 



e _1 = W-gOz) or e = -s/-g(x). (27) 

To end this section, let us mention that the integral f dPx f*g, defined with the dynamical 
Moyal -k— product ([2]), is not cyclic, even with suitable boundary conditions at infinity, i.e. 

[ d D x(f*g)^ [ d D x(g*f). (28) 

Using now the measure edx where e = det(et), a cyclic integral can be defined so that, up to 
boundary terms: 

J ed D x (f*g) = J ed D x(fg) = J ed D x (g*f). (29) 



In flat space \J — g(x) = 1. 

3 Dynamical pure gauge theory 

We consider a field ip, element of the algebra Aq, (ip £ A B ), and its infinitesimal gauge variation 
Sip such that, under an infinitesimal gauge transformation a(x), the relation 5 a ip(x) = ia(x) * 
ip(x) is obeyed. The covariant coordinates are defined as 

X» = x» + A> 1 , A»eA & (30) 



A^ is called the gauge potential and satisfies the relation 5 a A^ = @ pp d p a + i[a, A 1 *]*. One can 
check that 

[a(x),e^ = iQ a ^lQ c Pd p a(x), and G~^ a e^ = 2u)% c dx c . (31) 

From the last two equations and the definition of A a such that A^ = Q^A^, we derive the 
gauge variation 

8 a A a = d„a{x) + i[a(x),A ff ] i! + 2u a ac (e cp d p a(x) - 8x c ^A a (32) 

There result two contributions in the expression of 5 a A a : the first contribution consisting of the 
first two terms of the ordinary Moyal product [2], and the second one given by the last term 
pertaining to the twisted effects of the theory. Of course, when uj = 0, we recover the usual 
Moyal result. 

The NC gauge tensor T pv € A^ is defined by T pv = [X P ,X U ]+ - iW" and satisfies the 
properties 

^ = i[a(x),T%. (33) 

It is then convenient to use the relation T^ v = i@ IJ-a Q u F aX to derive the twisted Faraday tensor 
Fax as 

F aX d a A x - d x A a - i[A a , A x l - e^e^u^Ax + e^e^JA 

[@-^^ c @ c "d p A x )A ff + (&-le a ^e c f>d p A ff )A x (34) 

d a A x - d x A a - i[A a ,A x l + K[<A] - 2co a ac e c ?(d p A [a )A x] . (35) 

Canceling the "twisted! 1 contributions involved in the last two terms on the right hand side of 
this relations, we turn back to usual Moyal product result. 

We then arrive at the expression of the dynamical NC pure gauge action defined as 

SyM = ~~^\ 6d2x ( i? ^* i? '"* e_1 ) ( 36 ) 

where e =: det(e a ). 

Now, expanding the dynamical ^-product ([2]) of two functions as follows: 

f*g = fg+ l -e ab xjx bg 

+ ^(l) 2 ® aibl ® a2b2 (Xa 1 X a2 f)(X bl X b2 g) +... 



= e A (f,g) (37) 



where powers of the bilinear operator A are defined as 

A(/,<7) = l -e ab (X a f)(X b g) A°(f,g) = fg 

A n (f,g) = ^ye a ^---Q a ^(X ai ---X a J)(X bl ---X bn g) (38) 

one can deduce the following rules (straightforwardly generalizing the usual Moyal product 
identities) : 

f*g = fg + X a T(A)(f,X a g) (39) 

lf,g]* = f*g-g*f = 2XaS(A)(f, x a g) (40) 

{f,g}* = f*g + g*f = 2fg + 2X a R(A)(f, X a g) (41) 



with 



T(A) = ^1 5(A) = ™^> 

R(A) = COSh{ ^ - l and X a = l -Q ab X b . (42) 



S(A)(.,X.) is a bilinear antisymmetric operator and T{ A) (f,X a g)-T( A) (g,X a f) = 2S(A)(f,X a g). 

isform 
i k (a)\ 



Define also the gauge transformation U by 
U = e " = E M 

k=0 



= l + ia + (i 2 /21)a*a + (i 3 /3\)a*a*a + --- ; aG C°°(R) (43) 

£7*(1) is NC gauge group generated by elements U G U*(l). The infinitesimal gauge transfor- 
mation U = 1 + za(x) defined in the noncommutative Moyal space is the same as the ordinary 
infinitesimal gauge transformation in commutative space. Making the gauge transformation of 
tensor F^ u into Fjf v = U * F^ * W , then the transformed gauge action yields: 

S% M = —7-1 I ed 2 x (u-kF^-kU^-kU* F^ * rf* e" 1 ) 
= --^ I ed 2 x (U * F^ -k F^ *U^* e" 1 ) 
= --^2 I ed 2 x (f^ * F^ * f/U e- 1 * U 

+2S{A){U,X a (F l , u *F^*uUe- 1 ))) (44) 



Proposition 3.1 Provided the stubborn requirement that the surface terms be vanished, the 
action i36\) is invariant under the global gauge transformation, i.e. setting a = ao = c ste in 



Proof: From the infinitesimal gauge transformation U(a) = 1 + ia(x), its conjugate given by 
U\a) = 1 — ia(x) and the definition e _1 := 1 + to^x 11 , where uj\ = uj\ 2 and 102 = —uf 2 , we have 

[ft * e -i = e -l(i _ iQ ( x )) + 9** d^a(x)uj v 
=^ [/* * e" 1 * £/ = e" 1 + Q^uudftaix) = e' 1 + 0^ u uj u d^a(x). 

tf*e~ 1 *U = e- 1 => Q^Uud^aix) = => a(x) = a = c ste D 

Furthermore, the following statement is true. 

Proposition 3.2 Provided the same requirement of vanishing condition of the surface terms, 
(i) the action &36\) is invariant under the noncommutative group of unitary transformations 
U*(l) defined by the parameter a = a^ + e a x a , where e a is an infinitesimal parameter and cxq an 
arbitrary constant, and (ii) there exists an isomorphism between the NC gauge group induced by 
(CUP and £/*(!) group. 



Proof: The part (i) is immediate from the previous proof, (ii) Imposing the condition a = 
«o + £\x X , the NC gauge transformation ([32]) is reduced to the form: 

5 a A a = d a a - fLp&VdpAo = 8 p (d^ - e^A,) = 8 A (45) 

giving rise to the isomorphism 

/ : 5A ^ ef = 1 + i (| - e^Av) (46) 

mapping the NC gauge group (|32p into the t/*(l) group. □ 

Therefore, the U*(\) group can be considered as the invariance NC gauge group for the 
Yang- Mills action defined in (|36p . Note that setting e M = we recover the global gauge trans- 
formation of the usual gauge field theory. 

The A^ variation of the action (J36l) is given by 

SaSym = --^ J d 2 x{5ApS A + dpjP) (47) 

where the equation of motion of the field A is provided by 

5 -^ = £a = -d,(e{^,e-%) + dMF^,e-%) 
OAr 



-ie[A v , {F0", e-%1 + ie[A^ {F^, e' 1 }, 



-2e^ c e c ^(a p ^{F^,e- 1 }, - d p A u {F^,e' 1 } 
+2eL a ^{F^,e~%-u J a au {F^,e-%)=0 



(48) 



and the current J@ by 



J? = -^[e5A u {F^,e-%-e5A^{F^,e-% 
-ieeP(T(A)(5A [tl ,X a [A u] ,{F^,e~%l) 
+T(A)([5A [fl ,A u] l,X a {F^,e- 1 }*) 
+2S(A)(A^X a (5A u] {F^,e-%)) 



[A" 

-2u; a ac @^edA^A v] {F^,e-% 

+ee%(T(A)(5F^ ,X a {F» u ,e-%) 
+2S(A)(F^,X a 5F> lu *e- 1 ))] (49) 



where [tf-A^, A v ^\± = SA^ * A u — A u * 5A p — 5A U * A p + A^ * (L4,,. Using the property that 
i 7 ^ = —F u ^ and the fact that the surface terms are canceled, the equation of motion 6a = 
and the current J 13 can be re-expressed, respectively, as 



5Sym __ _ 



£ A = -2^(e{F^, e - 1 K)-4< c G c ^ p (e^{F^, e - 1 K) 

-4e^ c e c ^ p ^{F^,e- 1 }, + ^^{F^e" 1 }* = (50) 



and 



J/3 = ^(^{F^.e^K + ^e^eM^l^.e- 1 }! (51) 



1 
2~i? 

Let us now deal with the symmetry analysis and deduce the conserved currents. Performing the 
following functional variation of fields and coordinate transformation 

A' ll (x) = A li (x) + SA li (x), x l/x = x' x + e'", £^ = (5x^ = (52) 

and using d x' = [1 + <9 M e M + 0(e 2 )]d x = d x lead to the following variation of the action, to 
n SA^x) and 8(f) c {x): 

SSym = / ed 2 x| — — •(£ / yM*e" 1 )|- / ed 2 x {Cym *e _1 ) 

= j & 2 x5(iC Y M*e- l )e) = J d 2 x {5 A ^(£ Y M * e^e)}} (53) 



where 

£ym = -^F^*F^ and C'ym = ~^ F u * F "v ( 54 ) 

On shell, and integrated on a submanifold M C K 2 with fields non vanishing at the boundary 
(so that the total derivative terms do not disappear), we get: 

SS YM = i d 2 xd a J a = 0. (55) 

Jm 



Proposition 3.3 The noncommutative Noether current J® is locally conserved. 
Proof: The analysis of the local properties of this tensor requires the useful formulas 

S a A ft = e fi {l + @P' T d p A <T ), u a ac = -u c , 8pe = -ujp, {F^,e~% = 2e~ 1 F^. (56) 

A straightforward computation gives 

J? = tlL (i + e^dpA^F^ =► dp J p = % (l + WdpA^dpFrt. (57) 

The equation of motion (|50p can be simply re-expressed in the form 

dpFtf = %i^ - kuj c <d c P(d p Ap)F^ - 2uJ c Q cp A tJ ,dpF^. (58) 

Now using the fact that ecu = yields the result. □ 
Remark 3.1 . 

• The equation of motion A58\) is reduced to duF^" = in ordinary Moyal plane. 

• The action of gauge theory covariantly coupled with the matter fields defined by 

S = S YM + 5 A / (59) 

where 

S M = / ed 2 x i>{x)( -iT^Vn + m)^(x) + \ 1 $*ip*'ip*ip)(x) 
JR2 L V J 

+A 2 (V>*'0*'0* V0( x ) *e -1 , (60) 

is also invariant under global gauge transformation (dip = iaoip, dtp = —ictQip). The 
current can be also easily deduced in the same manner as above. 
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4 Case of commuting vector fields 

Consider the non coordinates base €a = 5a+u:^ b x b and the symmetric tensor (between the index 
a and b) co^ b . Then, the twisted star product is naturally associative since 

[X a ,X b ]=u$ a d ll -uZ b d li = 0. (61) 

The matrix representation of e^ is given by 

/ 1 + Wii x 1 + w| 9 x 2 CJ?i x 1 + W?n X 2 \ 

(c)S = f , , ! \ , „ „ J (62) 



wlnX 1 



+ UllnX 2 1 + w? 9 x x + 0J 2 o X 2 



12* "i" "^22* - 1 - "r ^12* ~ ^22 



and 



(e)l = [ U U U 12 ). (63) 

— LO^X 1 — <jj\ 2 X 2 1 — W^ 1 — W^^ 2 



Further, 



e x = det(e^) = 1 + (wJi + u^x 1 + (wf 2 + w^x 2 

e = det(e^) = l-(w 1 1 1 +a; 1 2 2 )x 1 -(a;l 2 + w 1 1 2 )x 2 . (64) 

/ 1 X 
The noncommutative tensor is provided by (O)^ = Oe I ) . Besides, the matrix e" can 

V -1 ' 
be written as e° = 5" + ojffxb, where u^ b = — w^. Finally, the solution of the field equation 

e^ = d^cff is well given by (ff = x a + ^uj^x^x^Sp as deduced in [7J. The (j) c variation of the 

action can be easily computed and the resulting equation of motion is 

^f = £ rA = & - l X a {F^*F^) - {X a F^){F^,e-% = (65) 

This variation generates the current 



J 



4k 2 



(-F^ * Fi" * 5<p b e- 1 ) + T(A) [X a (F^ * F^), X b (5<i) a e 
T(A) (Scf> a (X a F^), X b {F^, e" 1 }*) + 6cf> b (F^ * F^ * e" 1 



+2S(A) (^°(X 2^) * e" 1 , X b F^j . (66) 

Performing the transformation 4>' c (x) = 4> c (x) + 5(j) c {x) where 5<j) c (x) = ia-k 4> c (x), with a = «o 
or a = «o + e^x^, the variation of the action yields the result: 



SSym = / d 2 x 5((£YM*e 1 )e) 

= / d 2 x 1^ {{Cym * e _1 )ej + 5^ \[L YM * e~ 1 )ej | 
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d 2 xdJj a + !C 7 )=0 (67) 

M V ' 

Then J a can be computed in the same way as for symmetric cj^ fe . See relation (|49p . The gauge 
invariance of the YM action furnishes the current J a = J a + /C 7 . Under vanishing condition 
of the surface terms, J a is locally conserved on shell. 

5 Concluding remarks 

In this work, we have defined the twisted connections in noncommutative spaces and discussed 
NC gauge transformations. Then, the YM action, twisted in the dynamical Moyal space, has 
been proved to be invariant under £/*(l) gauge transformation with the parameter a = ao+e^x 11 , 
where e^ is an infinitesimal parameter and ao a constant. The gauge action is defined in 2 
dimensional Moyal space with signature (1,1). The NC gauge invariant currents are explicitly 
computed. These currents are locally conserved. 

Finally, it is worthy mentioning that the approach developed here can be extended to 
investigate twisted gauge theory in finite D— dimensional Moyal space. The only technical 
difficulty resides in the fact that the choice of uj could not be arbitrarily made. For this reason, 
the canonical form of ea given by 5a + ^ab x seems to be natural. The trivial case u = 
corresponds to NC YM theory, well known in the literature. 
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Appendix 

Notwithstanding the condition [X a ,X^\ ^ 0, i.e. u^ b is skew-symmetric, the twisted *— product 
defined in ([2]) remains noncommutative and associative. Indeed, using the twisted star-product 

(/*<?)(*) = m[exp (VV^®i)(/® ff )(x)j , (68) 
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one can see that 

e ikx ^ & iqx _ e i(k+q)x & -\Be~ x ki.q _ /gg\ 

The Fourier transform of /, g € S(R~J can be written as 

/(fc) = | rf 2 x e" fc /(x), sf(g) = J d 2 x e^ qx g{x) (70) 

with the function inverse transform given by 

f(x) = J d 2 k e ikx f(k), g(x) = J d 2 q j*°g(q). (71) 

We can redefine the twisted star-product of two Schwartz functions f,g as: 

(f*g)(x) = j d 2 kd 2 qf{k)~g{q)e lkx *e iqx 

= I d 2 kd 2 q f(k)g(q)e^ k+ ^ x e-^ de ~ lkeq . (72) 

Then, we have 

((/ *g)*h)(x) = \l d 2 kd 2 q f(k)g(q)e~^ e ' lkeq e i ^ k+q '> x ] *\ f d 2 p e ipx h(p) 

= f d 2 kd 2 qd 2 p f(k)g(q)h(p)(e~^ ee ~ lktq e^ k+ ^ x ]*e ipx (73) 

Recalling that e _1 = 1 + w^x^, we get 

((/**)*&)(*) = / d 2 kd 2 qd 2 p /^(gJA^e'K^^^^c-^- 1 ^)* 



i[ k-\-q+p— ^Ouikeq jx 

X e 



,-■> ) ■■■) : . ; — 2 \ Skeq+6(k+q)ep— ^9 2 ui(keq)ep 



d l kd l qd l p f(k)g(q)h(p)e 

i\ k+q-\-p~^9u)(k-\-q)e'p—};0u)keq \x 

x e V 2 V (74) 

In the other side, 

[f-k{a-k hj) (x) = J d 2 kd 2 qd 2 p f(k)g(q)h(p)e ikx * (V^ - Vp c %+p)^ 



d 2 ^V 2 P /(fc)S(?)&(p)<f E ' "^ fa <**H*V*»>* 



i( k+q+p— -^Ouiqep— -^8uike{q-\-p) \x 



x e V 'V (75) 

A straightforward expansion shows that (|74p and (|75p coincide. There results the conclusion 
that the used twisted star-product ([2]) is well associative. 
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